Extended Inflation with an Exponential Potential 
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In this paper we investigate extended inflation with an exponential potential V(a) = Vq e~ Ka , which 
provides a simple cosmological scenario where the distribution of the constants of Nature is mostly 
determined by k. In particular, we show that this theory predicts a uniform distribution for the 
Planck mass at the end of inflation, for the entire ensemble of universes that undergo stochastic 
inflation. Eternal inflation takes place in this scenario for a broad family of initial conditions, all of 
which lead up to the same value of the Planck mass at the end of inflation. The predicted value of 
the Planck mass is consistent with the observed value within a comfortable range of values of the 
parameters involved. 



PACS: 



Cq gr-qc/9804081 



I. INTRODUCTION 

The idea of a varying G based on anthropic arguments, 
or what would eventually become concisely enunciated 
anthropic arguments, dates back to Dirac M and later 
Sciama Their ideas paved the way for Brans and 
Dicke to formulate a very interesting theory of gravity || 
that is described by the metric tensor g^ and a scalar 
field In their theory the Planck mass over an en- 
semble of universes is given by Af 2 ($) = 167r<E>, and the 
Brans-Dicke (BD) coupling u> determines the validity of 
the principle of equivalence in gravitation. In the limit 
lu — > oo and a suitably large <&, BD gravity is equiv- 
alent to General Relativity (GR). The theory predicts 
very small variations of G within the horizon, but the 
value of ui is likely to leave its imprint on the CMB and 
in the different stages of the evolution of the FRW uni- 
verse, such as the matter-radiation transition |Q. For 
larger scales, our implicit expectation is that although 
BD gravity is almost indistinguishable from GR in our 
observable universe, gravity may behave in a very differ- 
ent way in regions that are very distant from ours. 

Inflation has been on its own a very important tool 
in describing the early universe, and combined with BD 
gravity it enables us to envisage a very interesting quan- 
tum cosmological scenario where we can address the ques- 
tion of what are the typical values of the constants of 
Nature, either by means of anthropic arguments or by 
choosing suitable inflationary potentials. In chaotic in- 
flation (for a review see e.g. 0) the scalar field that gov- 
erns inflation starts out from large values and its classical 
"slow-roll" motion along the slope of the potential to- 
wards the vacuum state is combined with quantum fluc- 
tuations. The fluctuations are stochastic || and they 
are responsible for continuously creating regions where 
inflation prevails, thus perpetuating the process indefi- 
nitely. The BD field influences the course of inflation, and 
the dynamical interplay of both scalar fields determines 



therefore the different stages of inflation, such as the be- 
ginning and end of inflation, the epoch when the classical 
drift and quantum fluctuations become comparable, etc. 
In extended inflation both fields evolve stochastically and 
the resulting distribution is to a large extent dependent 
on the potential. It can be argued that the assumption 
of starting out with large scalar fields in chaotic infla- 
tion in somewhat arbitrary. It can be shown however, 
that even though the physics may favour initial config- 
urations where the fields are small (e.g. in the case of 
instanton solutions 0), a Gaussian distribution of ini- 
tial conditions around a ~ over a sufficiently broad 
ensemble of regions will result in an inflationary universe 
dominated by the largest values of a on the tails of this 
distribution, however strongly suppressed. 

Extended inflation has been investigated by a num- 
ber of authors ^ [l0| , mostly in the context of first-order 
phase transitions of old inflation, where the so-called big- 
bubble problem arises as first pointed out by Liddle & 
Wands p| . Later papers have focused on chaotic infla- 
tion, by computing the distributions of the fields, spec- 
trum of density fluctuations, etc Jl^Jiq] , where transi- 
tions are second-order and there are no bubbles or discon- 
tinuous interfaces except for those created by quantum 
fluctuations. 

As it has been pointed out in |l6|,[l4|], the structure of 
the universe and values of the constants of Nature, as 
derived from the distributions of the fields, depend on a 
very specific and crucial feature of the inflation potential. 
In the plane (cr,$) it is easy to compute for each poten- 
tial the end-of-inflation (Eol) and beginning-of-inflation 
(Bol) curves. The region of the plane enclosed between 
these two curves determines the range of values of the 
fields for which inflation will take place. The classical 
trajectories span from Bol and cross Eol, but the quan- 
tum fluctuations allow jumps of the fields between neigh- 
bouring classical trajectories, and therefore the allowed 
states undergoing inflation quickly spread over the re- 
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gion enclosed between the curves Bol and Eol. The main 
characteristic of a potential is whether the area enclosed 
between Bol and Eol is finite or infinite. In ]l6[] , these 
are named class / and class //respectively. A class //po- 
tential yields to a universe where the spectrum of pertur- 
bations is arbitrarily small and the likelihood of a finite 
value of the Planck mass is negligible. In these theo- 
ries, the values of the fields grow without limit, and any 
reasonable physical prediction becomes impossible with- 
out resorting to very stringent anthropic arguments. On 
the other hand, in the case of class I potentials Bol and 
Eol cross, and it is easy to show that the predominant 
values of the fields are those corresponding to the con- 
figuration exactly located at the crossing point. In this 
case, it is possible to predict values of the constants of 
Nature that are perfectly consistent with the observed 
values, and that comes out naturally from the physics, 
without an exaggerated use of anthropic arguments. In 
this paper we show that the exponential potential is a 
class I potential. 

In §2 we discuss the classical trajectories of the fields 
in the slow-roll approximation and the form of the Bol 
and Eol curves, which are the delimiters of inflation on 
the (cr,$) plane. In §3 we compute the probability dis- 
tributions P(a, $), volume ratios of homogeneous hyper- 
surfaces, and finally in §4 we derive the corresponding 
spectrum of density fluctuations discussing typical values 
of the parameters and consistency with the astrophysical 
constraints. 



The equations of motion in a flat FRW background are 



D 2 + ^-R ) $ = 0, 
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and the differential operator D is defined 



D 2 = d? + 3Hd t 



(4) 
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In the slow-roll approximation, $ <C //$ <C H 2 § and 
a 2 + 2w$ 2 /$ < 2V{a), (|)-(|) read 



$ _ H 

&= — —Via). 
H 2 = —V, 



(8) 
(9) 
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and the curvature scalar is given by R = —12H 2 . The 
slow-roll equations (@) enable us to rewrite (H): 



'I' = I 3 - - ] 4 



(11) 



II. CLASSICAL TRAJECTORIES 



The extended inflation action is given by 
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where R is the curvature scalar and the potential is 
V(a) = Vbe~ fiCr . The coupling u> plays a similar role 
as that of the coupling functions Bi(^) of the dilaton 
field ^ in string theory. Based on this analogy, several 
authors have investigated the so-called hyperextended in- 
flation models j^,[l0],[l4|] , where to becomes dependent on 
the BD field. In this paper however, we will merely ex- 
amine the lu = const model. The Bol boundary is given 
by V(cr) = A/p($) or equivalently, 
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The Bol is the quantum limit where the metric fluctua- 
tions become significant and the inflaton field cannot take 
the values for which the potential is above this boundary. 
The Eol boundary is on the other hand 
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where the * subindex denotes the value at the end of 
inflation. Hence, is independent of a and, for reason- 
ably large oj, it is solely determined by the slope of the 
potential. The condition $ > also imposes the con- 
straint lu, as can be seen in Fig. 1, such that the range 
0<cj<2/3is excluded to prevent imaginary values of 
the Planck mass. The classical trajectories of the fields 
are given by the following conservation law |14[ 
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which in the case of the exponential potential yields 
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In Fig. 2 we have put together the Bol and Eol curves 
and the classical trajectories of the fields on the (<7,<E>) 
plane, i.e. (|^),(|ll|) and ( |l3|) respectively. It can be seen 
in the figure that inflation takes place in the region en- 
closed by Bol and Eol to the right of the intersection 
point A. The trajectories given by (|l3|) are straight lines 
parallel to the segment BC, and the fields drift along 
these curves in the direction B — > C during the course of 
inflation. The region enclosed by Bol and Eol to the left 
of A does not undergo inflation, because the orientation 
of the classical trajectories is such that the fields would 
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move from Eol towards Bol, which is not an acceptable 
solution. In addition to the classical trajectories quan- 
tum diffusion is responsible for the jumps of the fields 
between neighbouring classical trajectories. It can be 
seen that, unlike with powerlaw potentials, for which a 
decreases as 3> increases during the course of inflation, in 
the case of the exponential potential both fields increase 
during the slow roll. 
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FIG. 1. BD field at Eol, <E>», vs. uj for an arbitrary value 



of n. $* is given in units of k 
range lu < or uj > 2/3. 



Inflation takes place in the 
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FIG. 2. Predicted Bol and Eol curves, dashed and thick 
solid curves respectively. Classical trajectories are straight 
lines parallel to BC. At the intersection point A the onset 
and end of inflation coincide. cr ma x determines the scale of 
validity of the slow-roll approximation. Inflation takes place 
within the region enclosed by Bol, Eol and a ~ <r max . 



The Eol boundary ([11]) gives a definite and unique pre- 
diction for $*, and also it implies that if $o > infla- 
tion will not occur. In the case of < $o ~ inflation 
takes place for values of the inflaton 
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value of the field at the intersection point A of Bol and 
Eol in Fig. 2. 

It must be noted that the slow-roll approximation does 
not hold in the case of the exponential potential for ar- 
bitrarily large values of a. For a given value of k it is 
straightforward to compute <7 max for which the potential 
and kinetic energy of the fields are comparable and thus 
the slow-roll conditions break down. It is easy to show 
from (||) that this scale is 

V K 



(15) 



Therefore it follows that the Eol boundary does not span 
from a a to infinity, but inflation will occur within a finite 
region a A ^a ^ er max . 



III. LIKELIHOOD RATIOS 

In the framework of extended inflation we can predict 
the distribution of G in an ensemble of universes, depend- 
ing on the scalar potential (see e.g. P, |L^ , |l2| ] ) . If the like- 
liest values predicted differ to a large extent from those 
observed in our region of the universe, then it becomes 
necessary to invoke the anthropic principle to justify the 
theory. On the other hand, a more optimal situation is 
achieved if the potential is able to yield maxima in the 
distribution of the fields that are compatible with the ob- 
served data. We have shown in the previous section that 
in the case of an exponential potential the outcome at 
the end of inflation is simple, and regardless of the initial 
conditions, a period of inflation leads to a uniform dis- 
tribution of <&. As a result, regions that are still inflating 
will have values of the BD field in the range < $ < $„, 
those regions where inflation has ended have invariably 
<I> = $*. There will be other regions whose initial con- 
ditions do not yield inflation (i.e. they are not located 
in the region enclosed by Bol and Eol in Fig. 2). The 
dominant contribution to the total volume will be given 
by the regions that are still inflating or have completed 
inflation in the recent past. 

It is apparent from Fig. 2 that whereas the magnitude 
of $ is bounded during the course of inflation, that of the 
inflaton scalar is not. We can thus expect that quantum 
fluctuations may prolong the course of inflation by taking 
a to arbitrarily large values. In this section we compute 
the volume ratios of homogeneous hypersurfaces (cr,$)= 
const with respect to the total volume occupied by ther- 
malized regions, using the results of |14|. As inflation is 
eternal, the volumes of the hypersurfaces are divergent, 
though the volume ratios are not. These ratios give a 
good measure of the relative likelihood of an arbitrary 
configuration (c, < I ) ) with respect to another. 

The comoving probability P c (cr, <f>, t) is governed by the 
conservation equation [p|,[19| 



Naturally if $ = then the RHS of (nj) is a a, the 



d t Pc 



-da J a 



2~J 



1/2 



(16) 



3 



where the probability current J = ( J CT , J$) is given by the 
slow-roll solutions in the regime where quantum diffusion 
is neglected 
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where t corresponds to cosmic time. In order to solve 
(jig), it is customary to adopt the eigenvalue expansion 

mm 



P c (tr,*,t) 
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where 71 < 72 < 73 < and thus the asymptotic limit 
t -> 00 yields P c ~ Vie" 71 *. Substituting @@ in 
@, we get @ 



P c (ct, $, t) w C $ 1/2 exp(87rw7i$ - 7^), 



(20) 



1 and O.IMp ^ 



where Co is a normalization constant and 71 is estimated 
numerically from the resulting eigenvalue equation for 
different values of Vo and k. For Vq 
kT 1 H> 10Mp, we have 2.4 ^ 71 ^ 2.8. 

The volume V* of thermalized regions over the entire 
spacetime is determined by the two-dimensional proba- 
bility flux of the fields across the Eol boundary (|ll|) . The 
line element along Eol is da and the differential flux is 
da [J ■ n), where n is a normal vector to Eol. Hence 



(21) 



where Vo is the initial homogeneous volume, t c is a cutoff 
time that we use to regularize the volumes of the hyper- 
surfaces, following the method employed in fl^Jlgfi"-! . 
Therefore, substituting (pC|) in (|l8|), we get 
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On the other hand, the volume V(a, $) of arbitrary hy- 
persurfaces (a, $)= const that are undergoing inflation 
is determined by the probability flux at (cr, < &) across a 
line element located along the classical trajectory at that 
point. I.e., |(J ■ l)dt\, where I is the tangent vector to 
(|l3|). The expression is 



V(cr, $) = V 



dte 3t (J-l) 



(23) 



and thus 



V(a, $) = Vo 



2C* k 



(l + w 2 *; 2 ) 1 / 2 
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m$ 1/2 + - ( - 
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x exp ( 870^71 $) 
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Therefore the volume ratio r of the hypersurface (a, $) 
with respect to the thermalized regions is given by 



V (^ $ ) ^ 
r = — oc <I> 

V, 



KLU &/2 + 1(1 
K V CO 
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x exp [8?rw7i($ - $*)] - $ 3 / 2 exp(247rw$), (25) 

which is totally independent of a, as are (p0|)(p4]). We 
note the tendency towards larger values of $, and indeed 
the likeliest value that is attained is $*. The ensembles 
of hypersurfaces <E> =const that are undergoing inflation 
are equally likely and occupy the same fraction of the 
total volume. These correspond to the horizontal cross- 
sections in the range < <f> < $* in Fig. 2. In the limit 
of large lo this trend is preserved, except in the case when 
u> < 0. In that case, j25| ) yields the greatest likelihood 
for the smallest values of $, i.e. $ « $o- 



IV. SPECTRUM OF FLUCTUATIONS 

In order to calculate the resulting spectrum of fluc- 
tuations we need to derive the amplitudes of the typi- 
cal quantum fluctuations in this model. In addition to 
the classical drift given by the slow-roll solutions, the 
stochastic nature of inflation exerts a quantum force over 
distances larger than H~ x that can be described by |l 
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(26) 
(27) 



where the Gaussian variables satisfy (C(ii)C(M) = 
(£(ti)f(fcl> = - *a) and (C(ti)C(*a)) = 0. Nat- 
urally (M) applies in the slow-roll regime, such that 
a a & a Scr max , and for arbitrarily large fields a ^> cr max 
the classical kinetic and potential energies are negligi- 
ble, and a becomes stationary, whereas quantum fluctua- 
tions lead to changes in $. The quantum jumps [5a, 5<S>) 
around an arbitrary hypersurface (c,$) are distributed 
according to 

Vf$ + <S$) 

dP(6a, <5$) ~ > dP a (Sa, M>), (28) 

where dP is a Gaussian distribution 

[Saf (5$) 2 



dPo(Sa, (5$) oc exp 



2A 2 



2A 2 



dSadSQ, (29) 



where Ai = H/2ir and A 2 = ($/2w) 1/2 H/2n are the 
variances of the fields and the preceding factor in the RHS 
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of ( p8| ) is the volume ratio that determines the relative 
likelihood of the configuration $ + <5<E> with respect to $. 
From (E5f) we have 



£$\ 3/2 

1 + - (1 + 8tto;7 1( 5$), (30) 



V($ + 6<f>) 
V(*) 



and therefore the ty pic al quantum jumps, given by the 
stationary values of (Pq), are 



0, 
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(32) 



where the fluctuations in cr remain Gaussian whereas the 
fluctuations of the BD field are not, due to the presence 
of the factor (30). As we have discussed in the previous 
section, in the case of w > 2/3, the largest values of $ are 
the likeliest ones, reaching a maximum at <!> « <E>*. From 
( |32| ) it follows that in this case the typical jumps are 
positive, and the evolution of the field towards $ w 
is enhanced by quantum fluctuations of order ~ (fr 1 / 2 !!. 

In the case of u) < 0, we have seen from (|25|), that 
the smallest values of $ are enhanced, i.e. $ « $o, and 
second-order corrections to ( |32| ) contribute to suppress 
quantum jumps towards larger values of 4>. The am- 
plitude of these corrections is ~ wK/$ 2 , and it is only 
significant for small values of a and n and large lu. As 
one departs from <E> ss $ towards larger values of <£>, the 
leading order of the fluctuations ( j32|) rapidly dominates. 

In the Einstein frame, the adiabatic density fluctua- 
tions with (8a) w over distance scales of are given 
by 



5 t = - 1 *H«* 
p 5 $ 



and therefore, by substituting (|32j) we get 
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(33) 



(34) 



which is to be evaluated for TV = 65 e-foldings after cross- 
ing Eol. The value of $ in (|5|) is roughly $ w $», as 
it will not change significantly after inflation, and H is 
evaluated at a « c max . If the theory is correct, then 
the uniformity of the distribution (jfl]) at Eol implies 
that M* ~ 10 19 GeV throughout, as in our region of 
the universe, and k ~ 10~ 18 GeV -1 , and from ( jl5| ) we 
have that cr m ax ~ 10 21 GeV. From the astrophysical con- 
straint (Sp/p) 10 -4 , these estimates in turn imply that 
Vq & 10 58 e 6w GeV 4 , which in practical terms leaves Vo 
unconstrained for conservative values of u> 500. 



V. CONCLUSIONS 

In this paper we have examined extended inflation with 
an exponential potential. The remarkable feature of this 
model is the prediction of a constant distribution of the 
Planck mass at the end of inflation, given by (|TT|) . The 
parameter n of the theory is therefore estimated via the 
observed Planck mass in this region of the universe, which 
in turn fixes the parameter cr max that determines the 
range of values of a for which inflation takes place. 

The amplitude of the potential Vo is left unconstrained 
by astrophysical bounds on the spectrum of fluctuations, 
as described by the argument given in §4. The dynamics 
as is given in §2 and the likelihood distributions in §3 
are shown to be insensitive to the numerical value of this 
parameter. 

As is shown in Fig. 2, the Bol and Eol curves in this 
model cross at cr = a a and the area enclosed between 
them is thus infinite. However the breakdown of the slow- 
roll approximation for the exponential potential over the 
range a <S er max (where <7 max is given by Jl5|)) implies 
that in practical terms only a finite region of the (c,$) 
plane undergoes inflation. In the classification of mn this 
means that the exponential potential is class I, i.e. the 
values of the fields at Eol remain finite. 
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